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Abstract—The paper discusses properties of the hydrothermodynamic frameworks
thus far employed, the approximations regarding the microphysics of precipitation, the
quality of results of numerical integrations for different models, further work in the
construction of more sophisticaied dynamical models, and investigations of the relation
of large-scale liquid water content and of water vapor, and the implications for the
dynamical prediction of cloud formation and dissipation.

A brief survey of the state of the art—Attempts
to make dynamical precipitation forecasts by
numerical means began over 5 years ago. The
first efforts were merely to employ the vertical
motions calculated during the course of baroclinic
numerical forecasts [Smagorinsky and Collins,
1955; Miyakoda, 1956; and Smebye, 1958]. The
hydrodynamics were quasi-geostrophie, the baro-
clinic structure was described by information at
three levels, and the potential vorticity was lin-
earized when it appeared undifferentiated. Fur-
thermore, the released latent heat was not per-
mitted to add energy to the system.

It was assumed that precipitation occurred
upon attaining saturation, but it was already
realized that the space-averaged relative humid-
ity need not be 1009, for condensation or precipi-
tation to occur. The possibility of supersatura-
tion, supercooling, evaporation from falling drops,
or inadequate nucleation was ignored. The results
were reasonably encouraging, but further work
suggested that departures from observation were
to a large extent a result of errors in the large-
scale hydrothermodynamies. The most obvious
defect was the neglect of released latent heat,
which is a destabilizing effect [Smagorinsky, 1956;
Awubert, 1957]. This alone can amplify the large-
scale upward vertical motions by as much as an
order of magnitude giving maxima as large as
50 em/sec. The degree of destabilization increases
with decreasing scale and decreasing static stabil-
ity.

It was also possible to remove the mathemati-
cal limitations of quasi-linearization and to add
the barotropic effects of large-scale mountains.
Since these models now possessed energy sources
and moisture sinks it was desirable to provide a
pseudo-boundary layer which would allow for
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surface friction and evaporation depending on
land or sca. The quasi-geostrophic model equa-
tions have been recast to be governed instead by
the balance (or quasi-non-divergent) condition
[Smagorinsky and collaborators, 1959]. The results
are often better, especially in the movement of
the systems, but also suffer because of new limita-
tions introduced. The relatively smaller charac-
teristic scale of moisture distributions present
special difficulties and somewhat special numeri-
cal techniques have been devised to reduce trun-
cation error,

Although very distinet progress has been made,
the remaining hydrodynamic degeneracies leave
24-hour precipitation forecasts with much to be
desired. It is quite obvious that the geostrophic
approximation as well as the balance condition
are really valid for the very large-scale quasi-
barotropic components of the motion. Much of
the validity is lost when trying to describe the
dynamics of the smaller-scale baroclinic develop-
ments which oceur sporadically as extratropical
cyclogenesis. This is probably the major reason
why geostrophic and balanced baroclinic models
on the average give no better wind forecasts at
500 mb than do barotropic models. The effects
of released latent heat are on still a smaller scale,
and the inertial-gravitational modes of atmos-
pheric motion become even more important, if
not essential. The divergent components appear
to be of consequence not only in dynamical inter-
actions but also for a proper accounting of the
moisture budget.

There therefore seems to be no question that
further progress will depend on our ability to
construct an adequate dynamical framework.
Until quite recently, attempts to integrate nu-
merically the primitive equations had not suc-
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ceeded. However some progress has now been
achieved in devising a stable system for numeri-
cally integrating the primitive equations for
baroclinic flow [Smagorinsky, 1958; Hinkelmann,
1959] as well as for barotropic flow [Phillips,
1959]. This experience is now being applied to the
construction of a near-hemispheric, four-level
model allowing moist adiabatic processes. This
model will include the baroclinic as well as baro-
tropic orographic effects and also a simple ac-
counting of boundary layer processes.

It is apparent that the much smaller scale con-
vective motions pose a special problem. It would,
of course, be impractical to consider deseribing
them by explicit dynamics. Ideally desirable is an
adequate statistical-dynamical theory of moist
convection which can define the classes of un-
stable ambient states and account for the system-
atic nonlincar interaction between the convective
motions and the larger scale motions resolvable
by explicit dynamics. Some work in this direction
has been done by Malkus and Wit [1958] for dry
convection. Moist convection, on the other hand,
seems to be inherently different mechanistically
and considerably more difficult to cope with.
However, there is promise that numerical model
experiments will yield further insight into the
moist convective process, and work is now being
undertaken in this direction.

Some gross properties of the macrophysics of
condensation and precipitation—Until now the
limitations of the hydrodynamic contexts did not
warrant refinements in the assumptions regarding
the physies of condensation. However, contiguous
studies have indicated the way toward a some-
what more adequate linkage of the large-scale
hydrodynamics and the condensation process. In
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Fig. 1—Empirically determined relation of
mean relative humidity 2 in the layers 1000-800
mb, 800-550 mb, and 550-300 mb with cloud
amount ¢ classed as low, middle, and bigh, respec-
tively

particular, it would be desirable to allow for the
non-precipitating cloud stage, since until now
only a distinction between clear sky and precipita-
tion has been attempted.

It is generally known that cloudiness and even
precipitation are found to oceur at space-averaged
relative humidities considerably less than 1009.
This cannot be dismissed as a purely instrumen-
tal aberration. Humidity as measured by the
instrument and averaged from the sounding, rep-
resents the mean of a frequency distribution of
smaller-scale humidity variations with consider-
able standard deviation. This must mean that
for values of the average humidity considerably
less than 1009, some condensation may be occur-
ring due to saturation at the high end of the
distribution. One would then expect that the
amount or density of condensation (that is cloudi-
ness) will increase with increasing mean humid-
ity. Furthermore, one may view precipitation as
resulting from sustained and very dense conden-
sation, sufficient to create large cnough particles,
say for example by coalescence or the ice crystal
process, to overcome the upward vertical cur-
rents.

Indeed one does find empirically that non-con-
vective cloud amount, classed as low, middle, and
high, is highly correlated with the average relative
humidity in the respective layers. Precipitation,
if interpreted as corresponding to a cloud amount
somewhat greater than 1.0, also fits such a corre-
lation. In fact, the simple linear relation

c=ph—a>0 (1)

for each layer yiclds an excellent fit. Here ¢ is the
cloud amount, & is the relative humidity in per
cent, and « and B are cmpirical coefficients. The
fact that the instantaneous value of ¢ does not
appear to depend on the instantaneous vertical
veloeity is not surprising. One would expect non-
precipitating condensation to depend only on the
accumulated history of the vertical motion, which
after all is reflected in the humidity.

For the purpose of establishing the coefficients
a and B, it was assumed that the mean relative
humidity in the 1000~-800 mb layer corresponded
to the span of low cloudiness, 800-550 mb to
middle cloudiness, and 550-300 mb to high
cloudiness. A graph of the linear relations is shown
in Figure 1. (The writer is grateful to S. Heller-
man for his assistance in determining this relation
from careful analysis of a substantial volume of
synoptic data.) It is of interest that all three
levels tend to converge to ¢ = 1.3 for A = 1.0.
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It is well known that in the lowest 100 mb
next to the Earth’s surface humidities close to
100¢% are necessary before condensation is ob-
served. This of course is due to the relatively in-
tense mixing in the boundary layer. When surface
winds are light, condensation in the form of fog
may occur with lower humidities, but still con-
siderably higher than in the ‘free’ atmosphere. It
is of interest that non-industrial haze, which may
be regarded as low-density fog, also occurs at high
humidity. Under normal surface wind conditions,
the intensely mixed layer is capped by an inver-
sion through which the turbulence subsides al-
most discontinuously, and it is above the inver-
sion that some condensation may occur at
humidities as low as 60%.

The empirical relations found in no way are
intended to reflect this discontinuous turbulence
structure in the 1000-800 mb layer, but rather
to give a measure of the integrated effect of tur-
bulence in the entire layer. To account ade-
quately for the finer grain structure of turbulence
would require far greater vertical resolution and
more refined techniques than have been em-
ployed here. One could guess as to what Figure
1 would look like if ‘low clouds’ were stratified
according to the mean relative humidity (a) be-
tween 800 mb and cloud base, and (b) between
cloud base and 1000 mb. For (a) the standard
deviation of relative humidity would be larger
than the mean in the 1000-800 mb layer due to
weaker mixing so that condensation could occur
at lower mean relative humidities. Curve (a)
would then intercept the ¢ = 0 axis at b =~ 0.45.
Since the most intense mixing would be confined
to the layer next to the ground, the frequency
distribution of relative humidity would be very
peaked. The curve (b) would intercept ¢ = 0 at
h = 0.85 or 0.90. Of course in this boundary
layer ¢ no longer corresponds to cloud amount
but rather to the visibility which in the absence
of industrial pollutants is fairly good measure of
liquid water content in clouds as well as in fog
[Houghton and Radford, 1938]. The fact that the
visibility decreases with increasing relative hu-
midity for humidities over 70 % [see, for example,
Neiburger and Wuriele, 1949] tends to support
the above supposition.

An effective means for demonstrating the
‘eoodness of fit’ of Figure 1 is to deduce cloud
amount from synoptic radiosonde data only and
to compare with ‘actual’ cloud observations, ree-
ognizing that the upper-level clouds when ob-
seured from below must be estimated. All possible

data including airways reports were employed.
The comparisons are shown in Figures 2 and 3,
for two cases, late spring and late fall. Included
also are the geopotential fields at the 1000-, 700-,
and 500-mb levels. The comparisons in the vicin-
ity of the mountains must be ignored since the
low-level humidities are fictitious and the ob-
served cloud layers correspond to lower pressures
than do sea-level observations.

The two cases shown in Figures 2 and 3 are
from wholly independent data. However, the
empirical linear relations of Figure 1 have been
found extremely useful as an analysis aid in re-
gions of sparse radiosonde data such as over the
oceans. Moreover, even over continental U. §.
the radiosonde network is often inadequate to fix
the phase of smaller-scale distributions of humid-
ity such as are associated with frontal zones.

The surprisingly good relation between liquid
water content and water vapor suggests a means
for incorporating the cloud stage in the water
budget, and in fact will lead to a measure of the
efficiency of moist adiabatic processes in large-
scale condensation. Since cloud cover is a relative
two-dimensional measure of liquid water, if we
assume the vertical extent of large-scale (non-
convective) clouds to be proportional to a linear
measure of the horizontal dimension, then the
volumetric measure of liquid water W is propor-
tional to ¢*2. Defining Wi as the minimum liquid
water content necessary for precipitation, which
according to Fig. 1 corresponds to ¢ = & = 1,
then

W = Wyd? @)

We denote by the subscript 2 the condition
when & = 1, so that ¢z = 1.3. We may now write
the continuity equations for mixing ratio r, mass
of liquid (cloud) water per unit mass of air W,
and mass of precipitating water per unit mass of
air Wp , assuming that water vapor may change
by expansional condensation or compressional
evaporation, but that precipitating water does
not evaporate

dr 5-ym d=0forec=20 @)
— =g,
dt “Ylo<s<ifor0<e<ae,
daw Ym
— 5*__ g
5 ( 6)pnw
€))
§* =0forc<caorwe>0
0<*<lforaa<c<Lecandw<0
dWP Ym
= —§ — ry 5
dt prw ®)
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and the precipitation rate is
aw
P = [ /o B2 ap ®)

The potential temperature § change due to
such condensation or evaporation is given by

dIné
dt

=8-w 7

[ 1

The notation is as follows: p is the pressure, g is
the acceleration of gravity, pw is the density of
water, @ = dp/di, r, is the saturation mixing
ratio, d is the fraction of mass undergoing moist
adiabatic processes, and 8% is the fraction of con-
densing water being precipitated. Also

dlnr,
(T, ) =p ( )
dp ¢ g==ronst

N . (8
&y +a —
=—> 0.
ay — a+1 >
dIng
(T, p) = p( 7 )
P # g=const
9
_ ket — k ~ 1 <0
e ay—a-+1
where
Lr,
T = 10
(T, p) e (10)
7 = 11
WD) = oo (11)

and 7 is the absolute temperature, 8 the equiva-
lent potential temperature, L is the latent heat
of condensation or sublimation, (1 — k) = ¢y/c,
is the ratio of the specific heat of air at constant
volume to that at constant pressure, B* is the
gas constant for water vapor =4.62 X 10% cm?
sec™2 deg.™?

Unlike 8* which is zero for w > 0, § does not
depend on w since downward motion of a cloud
parcel must result in dynamic evaporation so
that dW/dt < 0 and dr/dt > 0. We are not free
to specify arbitrarily & since (1) and (2) must be
satisfied simultaneously by (3) and (4). Ignoring
variations in «, 8, and Wi, then (1) and (2)
require that

- dh

aw 3
— = - 8W — 1
= af “/Cdz (12)

Since by definition

r = hrs (13)

dh 1 {fadr drs
dt —r,(dt_hﬁ) (14)
The first term, the change of & caused by a
change in water vapor, is given by (3); the second
term also depends on the fraction of mass under-
going moist adiabatic changes 5, but of course
does not vanish for purely dry adiabatic proc-

esses, since it changes with temperature and may
be written as

then

drs
C-l% = 7'540[67711 + (1 - 6)'Yd] ’ (15)

where

dlnr
'Yd(T)EP( n)) =wy—1>0, (16)
dP f@=const

and it may easily be verified that

Ym — Yd Ym — Vd

r= Y T It 1
Hence
j—f= [(1 - h)s%” - - B)h;—/-d:lw (18)
Inserting (4) and (18) into (12) yields
5= 8* + xh Ve vif/vm 19)
L+ x Vel — ) + hyafvml
where
x = 1.58W/rs (20)

For ¢ < ¢, we have that 6* = 0 s0 (19) and
(1) uniquely define 8 as a function of ¢ or A. Also,
fore; < ¢ < caand w > 0, we have that 6* = 0,
again uniquely defining 8. On the other hand,
when w < 0, we have 6,* = 0 as before, and since
all condensing water vapor must be precipitating
when ¢ = ¢2 then by (4) 6; = &§»* = 1. Assuming
§* to vary linearly in this range then

c—c c—1
5*_—=_

—02—01 03 (21)
>20forei<c<e,0<0

We furthermore see that a maximum liquid wa-
ter is attained for ¢ = ¢z, which by (2) is

Wz = chz:‘/? (22)

Hence the maximum liquid water content is 5055
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larger than the threshold liquid water content
below which precipitation cannot occur. There is
some empirical evidence [aufm Kampe and
Weickmann, 1957 ; Mason, 1957, p. 231] that such
a maximum exists, its value depending on the
type of cloud. This is reasonable since the pre-
cipitation drop size and hence W) should depend
on the characteristic magnitude of the vertical
velocities working against gravity. For strati-
form clouds, with a characteristic vertical velocity
of 5 em sec™t, pIF. ~ 0.5 gm m=3 (p is the air
density); while for Cumulus clouds, with vertical
velocities of the order of 50 m see™?, pTI"> = 5 gm
m~3. Komabayast [1957] suggests that plls var-
ies as the 14 power of the vertical velocity. We
have then for stratiform clouds that pll7 = 0.3
gm m~>,

One would expeet pl. for non-convective
clouds to be a maximum in mid-troposphere
(=550 mb) where w is a maximum in the large
seale; this is consistent with the findings of aufm
Kampe and Weickmann [1957], who report much
lower liquid water contents at the Cirrus level.
However, for the purpose of estimating the varia-
tion of 6 with 2 in different cloud layers we use
an average value of pWW; = 0.3 gm m=3, and
furthermore assume the temperature to vary as
in the standard atmosphere. The corresponding
values of the parameters occurring in (1), (19),
(20), and (21) are given in Table 1. Figure 4
shows & as a function of h and ¢ for each of the
three tropospheric layers for which « and 8 have
been determined empirically. Figure 4 indicates
that for aseending motion the maximum rate of
increase of liquid water, which is proportional to
8 — &%, is attained just as precipitation begins.
As the mean relative humidity increases beyond
this point, § — 6* decreases until dWW/dt = 0 at
h = 1. Under continued upward motion the con-~
densing water is directly precipitated. On the
other hand for downward motion of an existing
cloud the rate of conversion of liquid water to
water vapor, which is proportional to &, has a
maximum at 2 = 1 and decreases monotonically
toc = 0.

The net effect is a process analogous to that
resulting from entrainment in Cumulus develop-
ment, but on a smaller scale. The fact that mean
relative humidities of 1009 are not often ob-
served even from precipitating clouds must mean
a significant dilution of the moist adiabatic proc-
ess during precipitation. Hence even larger up-
ward vertical velocities than calculated on the
assumption of no dilution (6 = §* = 1) are neces-

TaBLE 1—Values of parameters used
in conslructing Figure 4

Layer a 8 P Ts Yd Tm
mb 10;5;“ lfgfl
550-300 | 0.433 { 1.9383 | 0.6 |1.1|6.2|5.3
(high)
800-550 | 0.70 | 2.0 0.9 (3.7]5.0]29
(mid-
dle)
1000-800 | 2.0 3.33 1.1 | 7.9,4.6 2.4
(low)
HIGH [ IS S PR SR A S
c {MIDDLE LA U SR NP I P il
orLuuw Sz, 1. 8,0 10,21
/1
¢ . /ﬁv///
3
799
§¢ ]

Fi1a. 4—The percentage of mass undergoing
moist adiabatic processes & as a function of rela-
tive humidity A for low, middle, and high clouds;
the corresponding cloud amount ¢ is given along
the upper abscissa; solid lines are for the non-
precipitating stage, dashed lines are for the pre-
cipitating stage; for 0 < ¢ < 1.0, each curve is
valid for w § 0; for 1.0 < ¢ < 1.3 the solid line is
valid for @ > 0 and the dashed line for o < 0

sary to explain the amounts of large-scale precipi-
tation observed.
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Discussion

Mr. Jerome Namias—If the ultimate aim in
all this is to predict in detail, at what point there
may have to be a cut-off in this prediction scheme.
It would have to make inferences about condi-
tions responsible for run-away processes and
various things down to some scale. That is, must
we settle for a cortain scale? I’d like to ask Dr.
Smagorinsky if he believes there is no cut-off
point and if he expects to go to the bitter end
and attempt to predict weather on all scales by
numerical process.

Dr. Joseph Smagorinsky—I1 would say that one
can reasonably place a cut-off at the point where

the statistical dynamics of the smaller scale mo-
tions are sufficiently stable and well understood.
The ability to establish a threshold of turbulence
permits the study of the explicit dynamics of the
synoptic scale motion with adequate provision for
the interaction with the scales of motion ulti-
mately responsible for the dissipation of kinetic
cnergy. Such a threshold of the horizontal scale
appears to be of the order of 100 km. However,
as I pointed out in my paper, the interaction of
small scale convection with large scale motions
is hardly understood.
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